We present a population study of peripheral wavefront aberrations in large off-axis angles in terms of Zernike coefficients. A laboratory Hartmann-Shack sensor was used to assess the aberrations in 0°, 20°, and 30°in the nasal visual field of 43 normal eyes. The elliptical pupil meant that the quantification could be done in different ways. The three approaches used were (1) over a circular aperture encircling the pupil, (2) over a stretched version of the elliptical pupil, and (3) over a circular aperture within the pupil (MATLAB conversion code given). Astigmatism ͑c 2 2 ͒ increased quadratically and coma ͑c 3 1 ͒ linearly with the horizontal viewing angle, whereas spherical aberration ͑c 4 0 ͒ decreased slightly toward the periphery. There was no correlation between defocus and angle, although some trends were found when the subjects were divided into groups depending on refractive error. When comparing results of different studies it has to be kept in mind that the coefficients differ depending on how the elliptical pupil is taken into consideration.
INTRODUCTION
During the past decades there has been a growing interest in the optical properties and the image quality on the retina of the human eye. Knowledge of the optical aberrations is important for understanding the function of the visual system and how it may be restored or even improved. Population studies have therefore been performed to investigate the image quality in normal eyes both foveally (on-axis) and peripherally (off-axis, in oblique viewing angles); some of the recent larger studies on onaxis aberrations can be found in [1] [2] [3] [4] [5] [6] , and the off-axis image quality has for example, been assessed in [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Today, most measurements of ocular aberrations are performed with the popular Hartmann-Shack (HS) method [18] , and on-axis aberrations are classified and quantified with Zernike polynomials [19, 20] . Because of their widespread use on-axis, the Zernike polynomials are beginning to be used also for describing wavefront aberrations in large off-axis angles; both in population studies (so far, in four smaller studies [7, 8, 10, 14] ) and in a technique to retrieve the optical properties of the inner eye through off-axis measurements [21, 22] . But in oblique angles the pupil will appear elliptical in shape, and, since the Zernike polynomials are defined over a circular pupil, it is not straightforward how to present the off-axis wavefront aberrations; no standard exists, and the quantification can be made in different ways. Therefore, this paper fills two purposes: it is the first large study on the distribution of off-axis aberrations quantified with Zernike polynomials, and it discusses the effect of the elliptical pupil, using three alternative representations to present the results, including those representations used in previous studies.
Additionally, MATLAB code is given in Appendix A to convert between the representations.
METHOD
The off-axis wavefront measurements were performed as part of a study on how to assess the peripheral refractive errors [12] . No cycloplegia was used, and the background illumination was kept low to have naturally large pupils. In total, 50 persons with normal, binocular vision were measured, but 7 of them had a pupil diameter smaller than 5 mm, and therefore only 43 subjects are presented in this paper (25 . The right eye of each subject was measured at 0°(on-axis), 20°, and 30°off-axis in the horizontal nasal visual field (temporal retina).
The wavefront aberrations were measured with a laboratory HS sensor, which is described in detail in [23] . In short, a narrow beam of laser light ͑633 nm͒ was sent into the right eye in the desired measurement angle while the subject viewed fixation targets placed 3 m away with the left eye (except for the on-axis measurements when the target was aligned with the axis of the sensor and seen through lenses). A camera with an eye-tracker system was used to place the eye in the correct location and to confirm the off-axis angle. No spectacles or contact lenses were used for the right eye and only the left eye, which viewed the fixation target, was corrected with the foveal prescription together with an additional +0.5 D to avoid accommodation. The pupil of the right eye was imaged on to the lenslet array (325 m ϫ 325 m, focal length 18 mm) with a magnification of 0.85, and the resulting spot pattern was captured by a CCD camera. The shape of the pupil was estimated from the spot pattern by fitting an ellipse to the lenslets at the edge of the pupil. The wavefront was then reconstructed with Zernike polynomials over a circular aperture with a radius equal to the major radius of the elliptical pupil (this is the LC representation described below). Finally, the coefficients of three measurements were recalculated to the same pupil radius, adjusted for 550 nm wavelength, and averaged.
A. Quantification with Zernike Polynomials
When the pupil is elliptical, it has to be transformed into a circular aperture to enable quantification of the aberrations with Zernike polynomials. This circular aperture can be defined in three alternative ways, as can be seen in Fig. 1 : LC, a large circular aperture encircling the elliptical pupil; SE, a circular aperture that is a stretched version of the elliptical pupil; and SC, a small circular aperture located within the elliptical pupil. The characteristics of each representation are described below. However, before going into the details, it should be emphasized that these versions all use the standard Zernike polynomials; it is only the shape of the pupil that is manipulated, which leads to a change in the values of the Zernike coefficients. The theory for converting between the coefficients for different apertures has previously been described in [24] , but it did not include the MATLAB code for elliptical pupils, and for the reader's convenience that code is therefore given in Appendix A of this paper.
The procedure described in the section above corresponds to the first representation (LC) and has been used in some earlier studies [12, 23] . Here the Zernike coefficients are calculated over a circular aperture that encircles all spots in the measurement image and describe a wavefront that is extrapolated outside the borders of the elliptical pupil (second image in Fig. 1 ). Together with information on the true elliptical shape of the pupil, they give a full description of the original wavefront and the peripheral image quality.
The second alternative (SE) stretches the elliptical pupil into a circular shape and has been used in earlier studies on peripheral wavefront aberrations expressed with Zernike coefficients [8, 10, 14, 22] . Navarro et al. [14] used laser ray tracing with denser sampling along the minor axis of the pupil than along the major axis. The Zernike coefficients were then fitted to a stretched version of these sampling points, now spaced uniformly. Mathur et al. [8] and Atchison [10] measured the wavefront with a HS sensor and stretched the spot pattern into a circle before fitting Zernike coefficients. In this case, the stretching of the wavefront was performed so that the height of the wavefront was conserved (i.e., the slope of the wavefront was decreased). However, stretching has two drawbacks. First of all, a particular aberration will look different in the stretched version than in the original wavefront, which makes the interpretation of the Zernike coefficients less intuitive. This can be seen in Fig. 1 : spherical aberration over an elliptical pupil will not be represented by rotationally symmetric coefficients in the stretching alternative (in this example the spherical aberration coefficient c 4 0 transforms into c 2 0 , c 2 2 , c 4 0 , c 4 2 , and c 4 4 ). The second drawback is that the amount of stretching (and hence the one-dimensional scaling of the Zernike coefficients) will change with the off-axis angle. This means that the stretching alternative is difficult to use if coefficients in different angels are to be compared.
The last representation (SC) is shown in the fourth image of Fig. 1 . Here, only a circular part of the measured wavefront is used. The circular subaperture of the elliptical pupil can be realized by software that removes spots outside the circle in the measurement image by rescaling the extrapolated wavefront of the LC representation or by using a circular aperture placed in a plane conjugated with the pupil during the measurement. The aperture should be centered and its radius equal to, or smaller than, the minor axis of the elliptical pupil. This representation is less well correlated with the peripheral image quality in large oblique angles, because parts of the natural wavefront are omitted. However, it is convenient for investigation of optical changes with angle and has been used in [7, 9, 11, 21, 25] .
B. Calculation of the Root-Mean-Square Error
Except for Zernike coefficients, another common way to quantify the amount of aberrations is the so-called rootmean-square (RMS) error. This is the standard deviation of the wavefront error over the pupil and can be calculated by taking the square of the height of the wavefront at each point, integrate, and divide by the area of the pu- Fig. 1 . A wavefront with spherical aberration and an elliptical pupil is converted into a circular aperture in three alternative ways: the leftmost image (Org) shows the original wavefront as it emerges from the eye; the second image (LC) presents the version that also contains extrapolated wavefront data; the third image (SE) is the alternative in which the original wavefront is stretched out into a circle; and the last image (SC) presents the version describing a circular subpart of the original wavefront.
pil. For wavefronts exiting circular pupils and expressed as Zernike coefficients, the RMS error takes a simple form; it equals the square root of the sum of the squares of the coefficients ͑ ͱ ͚c 2 ͒ [19, 20] . Note that the piston and tilt of the wavefront should be removed before calculating the RMS.
With an elliptical pupil the RMS error can always be calculated from the height of the wavefront at each point as explained above. However, depending on how the wavefront is described with Zernike polynomials (the LC, SE, or SC representation), computing ͱ ͚c 2 will give different values. The LC representation describes a larger wavefront than actually measured, and the coefficients will not predict the true RMS error since they include extrapolated parts; often they will give a value higher than the RMS error. Similarly, but in the opposite direction, the SC representation describes only a part of the actually measured wavefront. The SC coefficients will therefore predict a value that is often lower than the true RMS error. The SE representation, however, has the advantage that the RMS error is given directly by the Zernike coefficients. This is because the height of the wavefront and therefore the standard deviation of the wavefront error are preserved during the stretching. Note that the RMS values given in Table 2 below have all been calculated from the Zernike coefficients; i.e., it is only the SE columns that give the true RMS error over the complete elliptical pupil. Table 1 gives statistics of the pupil shape and refractive errors of the right eye of the subjects in the three measured angles. The refractive errors were calculated from the wavefront by minimizing the RMS over a 4 mm circular pupil (SC representation) and are given as mean On-axis the mean eccentricity was 0.26 (highest measured value was 0.50), in 20°off-axis the mean was 0.39 (max 0.64), and in 30°off-axis it was 0.53 (max 0.69). As a comparison, the cosine approximation, r minor = r major ϫ cos͑ off-axis ͒, would give 0, 0.34, and 0.50, respectively, corresponding to a minor axis equal to 100%, 94%, and 87% of the length of the major axis. As expected, the orientation of the elliptical pupil was random for the on-axis case and turned to horizontal for the off-axis measurements. The notation of the pupil axis is given according to the standard axis notation (the Tabo scheme); i.e., 180°m eans that the minor axis of the pupil is horizontal. For the statistics on wavefront aberrations over the population in terms of Zernike coefficients, we used the previously mentioned representations (notation following the ANSI standard [19] ): LC, circular pupil with a diameter of 5 mm that is extrapolated for some persons in 20°a nd 30°off-axis (many subjects had a minor pupil diameter larger than 5 mm and therefore no true extrapolation); SE, elliptical pupil with a major diameter of 5 mm and a minor diameter that follows the cosine approximation and is oriented along the 180°meridian of the eye; and SC, circular pupil with a diameter of 4 mm, which is not extrapolated for any of the subjects. Table 2 gives the absolute values of the individual Zernike coefficients for these three representations, averaged over the 43 subjects in 0°, 20°, and 30°off-axis in the horizontal nasal visual field of the right eye (the on-axis aberrations are given with representation LC and SC only). Note that the statistics given in Table 2 was performed on the unsigned coefficients to give a better estimate of the contribution of each aberration to the wavefront variance; the same type of calculations were also made on the signed third-and fourth-order coefficients for the SC representation and are presented in Fig. 2 for comparison.
RESULTS
These changes with angle for the signed Zernike coefficients are further illustrated in Table 3 as correlation coefficients for the two representations with unstretched pupil (SC and LC). For the refractive errors, the horizontal viewing angle induced astigmatism with an axis of approximately 90°(negative cylinder); c 2 2 showed a high correlation with the angle (almost 0.8). No correlation between defocus and the angle was found. Generally, the high-order aberrations increased significantly with the angle; from a RMS error of 0.11 to 0.28 m over the 4 mm pupil (correlation coefficient of 0.6). The high-order aberration coefficient with highest correlation ͑−0.73͒ was horizontal coma ͑c 3 1 ͒, but also horizontal trefoil ͑c 3 3 ͒, quadrifoil ͑c 4 −4 ͒, and secondary astigmatism ͑c 4 2 ͒ got more pronounced with the angle, whereas vertical trefoil ͑c 3 −3 ͒ and spherical aberration ͑c 4 0 ͒ showed a trend toward less aberration in the periphery. In Fig. 3 the angular variation of the two coefficients with largest correlation (c 2 2 and c 3 1 ) are shown for both the SC and the LC representations. As can be seen, astigmatism increases in the expected quadratic behavior, whereas coma shows a more linear progression [26] . 
DISCUSSION
The HS principle can be used to measure central as well as peripheral wavefronts when modified to handle large aberrations and elliptical pupils. One of the remaining obstacles is how to quantify the peripheral aberrations. In this study we used Zernike polynomials and suggested three alternative ways to describe the aberrated wavefront over an elliptical pupil. It should be stressed that Zernike polynomials are not the optimum functions for describing wavefronts with an elliptical outline. Nor are the three alternatives described here the only ways to manipulate the pupil, but they are used in practice within visual optics research today. There are advantages and disadvantages with all three alternatives. The SC representation, with a smaller aperture confined within the elliptical pupil, neglects parts of the wavefront, but it has the advantage that the coefficients can be treated in the same manner as for foveal measurements. An additional advantage with SC, as well as with the LC alternative, is that they can be directly used to compare the coefficients between different viewing angles. The coefficients with the SC and the LC representation are closely related; the SC coefficients can be easily obtained by scaling down the large pupil of the LC representation to the SC size in the same manner as when changing the pupil size for on-axis measurements [27] . The LC and the SE representations both give a full description of the wavefront, but they require extra manipulation to calculate the retinal image quality.
An example of what might happen with the pointspread function (PSF) if the representations are used incorrectly is shown in Fig. 4 for a wavefront with spherical aberration exiting an elliptical pupil. The true PSFs are given in the leftmost column (the upper is for a 30°off-angle and the lower for 50°). The middle column illustrates the effect of using the LC representation without removing the extrapolated part of the wavefront, i.e., calculating the PSF directly from the extrapolated wavefront over the circular aperture with the same diameter as the major axis of the elliptic pupil. The rightmost column shows the PSFs if the SE representation is used without taking the stretched coordinate system into consideration, i.e., calculating the PSF directly from the stretched wavefront over the circular aperture with the same diameter as the major axis of the elliptic pupil. If results of different studies are compared, it is important to keep in mind that the Zernike coefficients for the different representations differ, just as the coefficients for circular pupils differ depending on pupil size; in 30°off-axis, for example, the RMS of the high-order aberrations with alternative SE is 74% of that of alternative LC, and alternative SC is only 54% of LC. Additionally, the three representations will give slightly different trends when the coefficients in different off-axis angles are compared. ; the hyperopes were even more myopic, 0.56 D relative to the fovea; whereas the myopes showed the opposite trend and had relative hyperopia of 0.59 D in 30°off-axis. These trends have also been noted in earlier studies, and the relative peripheral hyperopia of myopic eyes is especially of interest for myopia research [28] . Astigmatism increased in a quadratic manner in all subjects, as expected from the predictions of the Seidel theory [26] . Additionally, the Seidel theory and all studies [7, 8, 10, 14] , including the present, show a linear increase in coma with angle. The increase of 0.007 m / deg in c 3 1 for the 4 mm SC representation is close to the 0.008 m / deg from the study by Lundström et al. [7] . The 0.02-0.03 m / deg reported by Atchison [10] for c 3 1 over a 6 mm SE aperture, which scales down to 0.012-0.017 m / deg for a 5 mm pupil, is also in reasonably good agreement with the 0.009 m / deg found here for the SE representation. Additionally, Atchison found a slight decrease in spherical aberration with angle in most subjects, which is also visible in all three representations The figures show pure spherical aberration for an elliptical pupil; on the upper row the off-angle is 30°, and on the lower row the angle is 50°. The leftmost column shows the true PSFs, the middle column illustrates the effect of using the LC representation without removing the extrapolated part of the wavefront, and in the rightmost column the SE representation is used without taking the stretched coordinate system into consideration.
of the Zernike coefficient c 4 0 of this study. Regarding the high-order RMS error, Navarro [14] used the SE representation and found a close to linear increase with angle with the RMS in 40°off-axis being double the foveal value, whereas Lundström et al. [7] using SC representation found an even stronger and more quadratic increase with almost three times the foveal value in 30°off-axis on the temporal retina. The corresponding values in this study were 2 and 2.7 times for the SE and SC methods, respectively, and although both methods showed a quadratic increase in RMS, it was more pronounced for the SC alternative.
CONCLUSION
This paper presents a population study of peripheral wavefront aberrations in terms of Zernike coefficients. The aberrations in 0°, 20°, and 30°off-axis in the horizontal nasal visual field of the right eye for 43 normal subjects are represented with Zernike coefficients in three alternative ways; MATLAB conversion code is given in Appendix A. All three representations show similar trends: astigmatism and coma increase strongly with offaxis angle in a quadratic and linear manner, respectively, whereas spherical aberration decreases slightly. The mean spherical equivalent does not correlate with angle, although some trends can be seen when emmetropes, hyperopes, and myopes are analyzed separately.
